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Abstract 

We construct propose an anzatz for Spin{7) metrics as an R bundle over closed G2 
structures. These G2 structures are R 3 bundles over 4-dimensional compact quaternion 
Kahler spaces. The inspiration for the anzatz metric comes from the Bryant-Salamon 
construction of G2 holonomy metrics and from the fact that the twistor space of any 
compact quaternion Kahler space is Kahler-Einstein. The reduction of the holonomy to 
a subgroup of Spin{7) gives non linear system relating three unknown functions of one 
variable. We obtain a particular solution and we find that the resulting metric is a Calabi- 
Yau cone over an Einstein-Sassaki manifold which means that the holonomy is reduced to 
SU(4) C Spin(7). Another coordinate change show us that our metrics are hyperkahler 
cones known as Swann bundles, thus the holonomy is reduced to Sp(2) C SU (4) C Spin{7) 
and the cone is tri-Sassakian. We revert our argument and state that the Swann bundle 
define a closed G2 structure by reduction along an isometry. We calculate the torsion 
classes for such structure explicitly. 

1. Introduction 

There exist a growing interest in the construction of Spin(7) holonomy metrics due to their 
application in supergravity compactification preserving certain amount of supersymmetry [13]- 
[30]. The present work is concerned with this task and from the analysis performed here it is 
obtained the following proposition. 



Proposition Let us consider a compact quaternion Kahler space M in d = 4 with metric 
g q and with cosmological constant A normalized to 3. For any of such metrics there always exist 
a basis e a such that g q = 5 a be a ® e b for which the Sp(l) part of the spin connection uj°l and the 
negative oriented Kahler triplet J{ defined by 

w! = w a - e abc u b c , 7i = e 1 A e 2 - e 3 A e 4 , 

J 2 = e 1 A e 3 - e 4 A e 2 J 3 = e 1 A e 4 - e 2 A e 3 , 

satisfy the relations 

du) l _ + e ijk coL Acu h =li, d~T = tij k l 3 f\ oj k _. (1.1) 
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Let t and Ui be four new coordinates, u = V v^u 1 , cti = du % + e l ^ k ujLu k and H a r -independent 
one form. Then the 8- dimensional metric 

98 = ^±^1 + e ^ am + (1.2) 
ei 

together with the four form 

$4 = (dt + H) A (e 3/ ai A a 2 A a 3 + e f+29 ai A J^j + e 2(/+9)+ ^a; A a, A J k + e 4s+ V A e 2 A e 3 A e 4 , 

constitute an Spin(7) structure preserved by the Killing vector d T . Moreover if f , g and h are 
functions of u related by 



ue 



3/ - (e /+29 )', A(e 3/ - e — r ) = (e 2 (/+s)+Y, 



U 2 



Aue 2{f+9)+h - 2\e f+29 = (e 49+/l )', 

and the 1-form H satisfy 

dH = -UiJi + ^UiOj A 9 k , (1.3) 



being 6i = d{u l ) + e^ k uj 3 _u k and u % = u % ju, then $ 4 will be closed and therefore, the holonomy 
of the metric (2.29) will be included in Spin{7). 

We will show below that the integrability condition for (1.3), namely 

d(uiJi - ^UiOj A 9 k ) = 

is always satisfied due to the fact that the twistor space Z of any compact quaternion Kahler 
space M carries a Kahler-Einstein metric of positive scalar curvature [1] and the left hand 
side of (1.3) is the Kahler form for such metric. Also, the closure of $4 follows directly from 
the formulas (2.13) given below. By construction, the vector field d T is Killing and if the 
quaternion Kahler basis possess an isometry group G which preserves the forms uj 1 _, then G 
will be an isometry of g 8 . The construction of Spin(7) holonomy metrics that follows from the 
proposition can also be applied to quaternion Kahler orbifolds. 



2. Closed G2 and Spin(7) structures and Kahler-Einstein 
metrics 

Quaternion Kahler spaces in brief 

A key ingredient in order to construct the metrics (2.29) are quaternion Kahler manifolds 
and so, it is convenient to give a brief description of their properties. By definition, a quaternion 
Kahler space M is an euclidean 4n dimensional space with holonomy group T included into 
the Lie group Sp(n) x Sp(l) C SO(4n) [4]- [6]. This affirmation is non trivial if D > 4, but 
in D = 4 we have the well known isomorphism Sp(l) x Sp(l) ~ SU(2)l x SU(2)r ~ 5*0(4) 
and so to state that T C Sp(l) x Sp(l) is the same that to state that T C 50(4). The last 
affirmation is trivially satisfied for any oriented space and gives almost no restrictions about 



the space, therefore the definition of quaternion Kahler spaces should be modified in d — 4. 
Their main properties are the following. 

- There exists three automorphism J 1 (i — 1 ,2, 3) of the tangent space TM X at a given 
point x with multiplication rule J 1 ■ Ji = —5 i j + e i j k J k 1 and for which the metric g q is quaternion 
hermitian, that is 

g q (X,Y) =g(TX, J*Y), (2.4) 
being X and Y arbitrary vector fields. 

- The automorphisms J 1 satisfy the fundamental relation 

V x J l = e l3k J>uj k _, (2.5) 

with Vx the Levi-Civita connection of M and u l _ its Sp(l) part. As a consequence of hermiticity 
of g, the tensor T ah = {J l ) c a g c b is antisymmetric, and the associated 2-form 

7 = J ab e a A e b 

satisfies 

df = e ijk J j Aw!, (2.6) 

being d the usual exterior derivative. 

- Corresponding to the Sp(l) connection we can define the 2-form 

.P = diJ_ + e ijk ooL A cj*:. 
Then for a quaternion Kahler manifold 

if = 2n/t7, (2.7) 

F l = kT, (2.8) 

being A certain constant and k the scalar curvature. The tensor R a _ is the Sp(l) part of the 
curvature. The last two conditions implies that g is Einstein with non zero cosmological con- 
stant, i.e, Rij = 3n(g q )ij being Rij the Ricci tensor constructed from g q . Notice that (2.8) is 
equivalent to (1.1) if we choose the normalization k = 1. 

- For any quaternion Kahler space the (0,4) and (2,2) tensors 

= J 1 a T + T A T + T A 7 3 , 

E = J 1 ® J 1 + J 2 ® J 2 + J 3 ® J 3 
are globally defined and covariantly constant with respect to the usual Levi Civita connection. 

- Any quaternion Kahler space is orientable. 

- In four dimensions the Kahler triplet J 2 and the one forms uj a _ are 

uo a _ = lJq - e abc LJ b c , 7i = e 1 A e 2 - e 3 A e 4 , 



J 2 = e 1 A e 3 — e 4 A e 2 J 3 = e 1 A e 4 - e 2 A e 3 . 



In this dimension quaternion Kahler spaces are defined by the conditions (2.8) and (2.7). This 
definition is equivalent to state that quaternion Kahler spaces are Einstein and with self-dual 
Weyl tensor. 

The twistor space of a quaternion Kahler space 

Another very important property about compact quaternion Kahler spaces is that its twistor 
space is Kahler- Einstein. In order to define the twistor space let us note that any linear 
combination of the form J = UiJi is an almost complex structure on M, and the metric g q is 
hermitic with respect to it. Here we have defined the scalar fields u l = u l ju and it is evident 
that they are constrained by the condition u l u l = 1. This means that the bundle of almost 
complex structures over M is parameterized by points on the two sphere S* 2 . This bundle is 
known as the twistor space Z of M. The space Z is endowed with the metric 

96 = OA + 9 q , (2.9) 

where we have defined 

The metric (2.9) is six dimensional due to the constraint u l u l = 1. Corresponding to this metric 
we have the Kahler two form 

j = u i j i -^ L u i e j Ae k . (2.io) 

It has been proved in [1] that J is integrable and J is closed (see also [3]), therefore J is truly 
a complex structure and g§ is Kahler. The calculation of the Ricci tensor of g$ shows that it is 
also Einstein, therefore the space Z is Kahler-Einstein. We are using the normalization k — 1 
here, for other normalization certain coefficients must be included in (2.10). Let us introduce 
the covariant derivative 

Oi = du 1 + e ljk J_u\ (2.11) 

which is related to 9i by 

j cti Uidu 

V = — . 

u u z 

With the help of this relation and the definition (2.10) it follows that 

-j Ui- e ijk ajAock a k A du /oio\ 

J = —Ji —la eijkUiUj — (2.12) 

u 2 u u 

Ui-j _ <Hjk_ ctj A a k 

— J i u i n 

U 2 U 6 

The last expression will be needed in the following, although it is completely equivalent to 
(2.10). Also, the following formulae 

Ji A Jj = —1b~ije\ A e 2 A e 3 A e 4 , 

dati = e ijk (ujJ k + a k A uj), 
d^u 1 ) = d(u 2 ) = 2udu = 2u l a i , 
d(eij k cti A ctj A a k ) = —udu A A Jj, (2-13) 



d(ai A Ji) = 0, 

d(e 3f ) A «i A a 2 A a 3 = (e 3f )'du A a,\ A a 2 A a 3 = 0, 

relating Jj and «j will be useful for our purposes. 1 For instance, the closure of (2.12) is a 
direct consequence of the second (2.13) together with (2.6). 

A proof of the proposition 

Let us go back to our task of constructing the metric (2.29). Our starting point is an 
eight-dimensional metric anzatz of the form 

9% = - s^ + e* h g 7 , (2.14) 

being g 7 a metric over a 7-manifold Y and h a function over Y . Neither the one form H nor the 
function h depends on t, therefore the vector field d t is, by construction, Killing. Associated to 
the metric (2.14) we can construct the octonionic 4-form 

$ 4 = (dt + H) A $ + e h * $, (2.15) 

being $ a G 2 invariant three form corresponding to the metric g 7 and *$ its dual. The precise 
form for $ will be found below. If we impose the condition rf$4 = then the metric gs will 
have Spin(7) holonomy. 2 We will suppose that the seven dimensional metric g 7 is of the form 

g 7 = e 2f aiai + e 2g g q , (2.16) 

being g q a quaternion Kahler metric in d — 4 and ctj defined in (2.11). The functions /, g will 
depend only on the "radius" u = \Ju l u % . The form (2.16) for the 7-metric is well known and 
is inspired in the Bryant-Salamon construction for G 2 holonomy metrics [2]. For a metric with 
G 2 holonomy we have rf$ = d * $ = but we will not suppose that the holonomy of (2.16) 
is G 2) as in the Bryant-Salamon case. Instead we will consider 7-spaces for which the form $ 
is closed but not co-closed. These are known as closed G 2 structures [8]-[12]. In this case the 
Spin(7) holonomy condition rf$ 4 = for (2.15) will reduce to 

dHA® = -d(e h *§). (2.17) 

We will find below a suitable H and g 7 for which (2.17) gets simplified even more. It seems 
reasonable for us to choose H in (2.15) such that 

dH = -XJ. (2.18) 

The reason for this election is that the integrability condition dJ = will be automatically 
satisfied because, as we have seen above, the two form J is the Kahler form of a Kahler-Einstein 
metric. Here A is a parameter, and the minus sign was introduced by convenience. Also, by 
selecting the basis 



, — e^oci, i = l,2,3 e a = e 9 e a a = 1,2,3,4, 



*A more complete account of formulae can be found, for instance, in [31]. 

2 The converse of this affirmation is not true, that is, the holonomy group of gs could be Spin(J) and (2.15) 
could be not closed. The form (2.15) is preserved by the Killing vector, but there could exist cases for which 
this simplifying condition do not hold and the holonomy is still Spin(7). In such cases there will exist another 
closed 4-form $4 which is not preserved by d t - 



for (2.16), we can construct the G2 invariant three form 

$ = Cabc e a A e 6 A e c = e 3/ «i A a 2 A a 3 + e f+2g ai A 1 { (2.19) 

and its dual 

*$ = e 2(/+9) ^pa; A aj A 7 fc + e 49 ei A e 2 A e 3 A e 4 . (2.20) 

Here e a is a basis for the quaternion Kahler metric As we stated above, we will consider 
7-spaces for which the form <£> is closed but not co-closed. In other words we will have that 
rf$ = but d * $ 7^ 0. We also suppose that /, g and h are functions of the radius u only. By 
using (2.13) it follows that the closure condition <i$ = for (2.19) leads to the equation 

Me 3/ = ( e /+2fl)/ > (2.21) 

where the tilde implies the derivation with respect to u. This is one of the equations that we 
need. 

By another side, with the election (2.18) for H and using that d$ = it follows from (2.15) 
that 

d$4 = dH A $ + d(e h * $) = -AJ A $ + d(e h * $) (2.22) 
and therefore the Spin(7) holonomy condition d$ 4 = is equivalent to 

\JA<Z> = d(e h *<Z>). (2.23) 

From (2.19) and (2.12) we see that the left side of (2.23) is 

_ £ 3f e f+2g _. e f+2g 

A J A $ = A( ^-)u l J A on A a 2 A a 3 - 2A u'aj A ei A e 2 A e 3 A e 4 . (2.24) 

u u A u 

By using the formula ■u'ccj = udu and that 

■u\7* A «i A q 2 A a 3 = udu A "Tp-a* A aj A J fc , 
we can reexpress (2.24) as 

e /+2 9 

AJ A $ = A(e 3/ — A -^a { A a,- A J — 2Ae /+2s dw A e x A e 2 A e 3 A e 4 . (2.25) 

■u 2 2 

By another side, the right side of the equation (2.23) is found directly from (3.41) and (2.13), 
the result is 

d(e ft *$) = (e^+^+Y^A^^Ac^AJ^+jV^ (2.26) 

By equating (2.26) with (2.25) and taking into account the closure condition (2.21) we obtain 
the following differential system 



ue^S = ( e /+ 2 *)', A(e 3 ' - — r ) = (e 2 ^ +h )\ 



e f+2g ^ 
U 2 

4ue 2(.f+g)+h _ 2Xe f+2g = ^Ag+hy _ (2 .27) 

From this system of equations we obtain the proposition stated above. 



2.1 A particular solution: the Swann bundle 

If we were able to solve the system (2.27) then we will obtain a family of Spin(7) holonomy 
metrics based on arbitrary quaternion Kahler spaces. We do not know its general solution, but 
we have found a particular one. It is not difficult to check that indeed 



e f = u- l '\ e a = u 2 '\ e h 



Xu~ 2/3 , (2.28) 



is a solution of (2.27). By introducing it into the expression (2.14) and by defining the variable 
t — t/X and rescaling by g% — > A -1 ^ we obtain the following metric 



98 = u (dr + Hf + 2 3 - + ug q , (2.29) 



u 

and the corresponding closed four form is 

/ , t t \ Mi A «2 A «3 \ €ak — 9 

$4 = (dr + H) A I h uoii A Jj I + -^—oii A ctj A J k + u e 1 A e 2 A e 3 A e 4 . 

The closure of this form follows directly from formulas (2.13). An inspection of this metric 
shows that it is a cone over an Einstein-Sassaki metric, thus the holonomy is in SU (4) e G 2 . In 
order to see this we need to show the orthogonality condition u$i = 0, which is a consequence 
of the following calculation 

UiOi = Uidui + ^ k u l ijj 3 _v k = Uidui = d(uiUi) = 0, 

we have used UiUi = 1 in the last line. We also have that 

■ Uidu 

uv H = ctj, 

u 

and by inserting this expression in (2.29), applying after the orthogonality condition and by 
defining the new radius r = 2-u 1 / 2 gives the following conical form of the metric 

98 = dr 2 + r 2 g 7 , (2.30) 

being g-j given by 

g 7 =(dr + H) 2 + g 6 = (dr + H) 2 + 9 t 9 l + g q . (2.31) 

We have seen that the six dimensional metric g 6 is Kahler- Einstein and therefore g-j is Einstein- 
Sassaki (see the lectures [33] and references therein). Any cone over an Einstein-Sassaki space 
is Calabi-Yau and therefore its holonomy is in SU(4) C Spin(7). 

But more information about these metrics can be found by finding explicitly the one form 
H, which is defined by dH = J. In order to solve dH = J we need to simplify the expression 
(2.10). Let us remind that 

J = UiJi TrUiOj A 6 k 

2 

and that 0i = d{u l ) + e l ^ k uj 3 _u k . The orthogonality condition u$i = is equivalent to 

. («i0i + u 2 e 2 ) 

#3 = • 

U3 



From the last relation it follows that 

- J -U i 9 j A6 k = — . 

2 3 u 3 

After certain calculation we obtain 

0i A 9 2 dui Adu 2 i e ijk _ ■ k 

— = dui A uo_ H UiU_ A uo_. 

u 3 u 3 2 

Therefore 

A6 k = du ^ du * _ a + A (2.32) 

By another side we have the fundamental relation for quaternion Kahler manifolds, which is 

J. = dui + ^-cui A uA (2.33) 

Inserting expressions (2.32) and (2.33) into (2.10) give us a remarkably simple expression for 
J, namely 

— ,■ . du\f\du 2 ,„„ A 
J = d{UiUJ l _) — (2.34) 

By parameterizing the coordinates Ui in the spherical form 

Sx = cos0, u 2 = sin # cosy?, u 3 — sin sin </?, 

we find out that 

dui A d«2 , A , „ 
= —dip A d cos 0. 

With the help of the last expression can reexpress (2.34) as 

J = d(uiUJ l _) — dip A dcos0, 

from where it follows directly that the form H such that dH = J is given by 

H = UiUj[_ + cos9d(p, (2.35) 

up to a total differential term. By introducing the expression (2.35) into (2.31) we find directly 
the following expression for the Einstein-Sasaki metric 

g 7 = (dr + cos 6 dip + cos 0a/ + sin 6 cos (put + sin 9 sin y%</ ) 2 + (d9 — sin (put + cos v 5 ^-) 2 

+ (sin 9dip + sin 0a/ — cos 9 cos y%</ — cos 9 sin y?u/ ) 2 + g q . (2.36) 
Let us introduce the coordinates Ui written in spherical form 

Ui = \u\ sin 9 cos ip cos <j), 

■u 2 = |u| sin cos </? sin 0, 
■U3 = \u\ sin0siny9, 
«4 = \u\ COS0, 



Then it is not difficult to check that the cone g 8 = dr 2 + r 2 g 7 being g 7 given at (2.36), can be 
expressed as 

9s = g\u\ 2 g + f[(du - UiUJ % J) 2 + (dui + u id l _ + e ijk u k uj k _) 2 \. (2.37) 
The coordinates Ui can be extended to a single quaternion valued coordinate 

U = Uq + U±I + U 2 J + U 3 K, U = U — U\I — u 2 J — u 3 K. 

Here I, J, K denote the unit quaternions, and it follows that \du\ 2 = (du ) 2 + (dui) 2 + (du 2 ) 2 + 
(du 3 ) 2 . The Sp(l) ~ SU(2) triplet uj 1 _ can be used to define a quaternion valued one form 

CJ_ = UJ X _I + LU 2 _J + UJ 3 _K, 

and the Kahler triplet J a can be extended to a quaternion valued two form J = J 1 1+J 2 J+J 3 K . 
The metric (2.37) can be expressed in this notation as 

g$ = \u\ 2 g q + \du + mcj_| 2 , (2.38) 

Under the transformation u — > Gu with G : M — > SU{2) the SU(2) instanton o;_ is gauge 
transformed as c<j_ — > Gcj_G' _1 + GdG -1 . Therefore the form du + oj_u is transformed as 

du + -> d(Gu) + (G^-C -1 + GdG~ v )Gu = Gdu + (dG + Gu_ - dG)u = G(du + uu_), 

and it is seen that du + uo-U is a well defined quaternion- valued one form over the chiral bundle. 
Associated to the metric (2.38) we have the quaternion valued two form 

J = uJu + (du + uuJ) A (du + uu_), (2.39) 

and it can be checked that the metric (2.37) is hermitic with respect to any of the components 
of (2.39). We have that 

dJ = du A (J + du)_ — id- A id-)u + u A ( J + did- — id- A id-)du 

+u(dj + id- A gL>_ — gL>_ A id-)u. 

The first two terms of the last expression are zero due to (2.8). Also by introducing (2.8) into 
the relation (2.6) we obtain that 

d J + id- A did- — did- A id- = 

and therefore the third term is also zero. This means that the metric (2.38) is hyperkahler with 

respect to the triplet J and the holonomy is reduced to Sp(2) C SU(A) C Spin(7). 

The hyperkahler metrics (2.38) are indeed well known. They are the Swann principal CO (3) 
bundle of co-frames over a quaternion Kahler spaces [32] . Hyperkahler quotients of such metrics 
by tri-holomorphic isometries are related to quaternion Kahler quotients of the base spaces. The 
hyperkahler condition for the Swann metric implies that the seven dimensional cone of (2.31) is 
not only Einstein-Sassaki, but tri-Sasaki. The vector field d$ is the Reeb vector of the tri-Sasaki 
metric. 



The self duality of the spin connection 



Although we have found that our example is hyperkahler, it is instructive to check that the 
spin connection u ab of the metric (2.29) is self-dual. We choose the basis 



e a = u 1/2 e a , 



a" 



e 8 = u^ 2 (dr + H) 



,1/2 



u 



1/2 ' 



being e a a basis for g q with a — 1,2,3, 4 and i = 1,2,3. With the help of the first Cartan 
equation 

de m + u mn A e™ = 0, 

where m an index that can be latin or greek, we obtain the following components of the spin 
connection 



u l a 



tijk^ k _ + e ijk ^-(dT + H), 



— ~ ^ijk~^(J 'j)aP<^ -(Ji)ap(dT + H), 

U XL 



CO, 



U 



Ui 



u 



u 8i = -(dr + H) + e ljk ^a k , 
u u 2 



u 



^8a — —(Jj)al3e 



u 



By using that 2a+ = 0J a p(Jj)ap and the representation 



J 1 



/ -1 \ 

1 o 1 

-1 

V o o i o / 



J 3 = J 1 J 2 = 



J 



/ -1 \ 

1 

10 

V — 1 / 

/ -1 \ 

0-10 

10 

V 1 / 



for the matrix (Jj) a p, it can be checked that 

0> 8 1 = -(^23 + ^65 + ^47), 



^82 = -(^31 +^46+^57), 



^84 = -(^>62 + ^>35 +U n ), 
UJsa = -(<2>15 + ^>24 + U) 7S ), 



(2.40) 



^83 = -(^12 + ^54 + U 67 ), 
^>85 = -(^16 + ^43 + ^>72), 

LU 87 = —((2>i4 + <2> 3e + cD 25 )- 

These conditions for Cj mn can be written more concisely as 

and this is equivalent to say that, for the basis e m , the spin connection Cj mn is self-dual. 



3. Discussion 



Along this brief work we have proposed an anzatz for Spin(7) metrics as an R bundle over closed 
G 2 structures. These G 2 structures are R 3 bundles over 4-dimensional compact quaternion 
Kahler spaces. We also have used the fact that the twistor space of any compact quaternion 
Kahler space is Kahler Einstein and therefore there it possess a six dimensional sympletic 
form defined over it. We have imposed the conditions for the reduction of the holonomy to 
Spin(7) and we have found a non linear system relating three unknown functions. We have 
found a particular solution and the result was the Swann bundle in eight dimensions, which is 
hyperkahler and therefore the holonomy is Sp(2) C Spin{7). Let us recall that the direct sum 

9ii = 5-1,2 + 5-8, 

of the Swann metric with the three dimensional flat Minkowski one g^ 2 is a solution of the 
supergravity equations of motion with all the fields "turned off' except the graviton, and 
preserving four supersymmetries after compactification. This solution can be rewritten in the 
II A form 

<7n = e-y 9m + e**(dT + H)\ 

being the dilaton defined by = |logw. The reduction along the isometry d T will give a 
background of the form 



being g 7 given by 



giiA = u 1/2 g 1>2 + u 1/2 g 7 . 



(du 1 + u 2 _u 3 ) 2 t (du 2 + wiu 1 ) 2 , (du 3 + loW) 2 , , )/2 



97 = ^172— + ^172— + ^—+ U '9r 

The last metric together with the 3-form 

$ = — i-rrai A a 2 A a 3 + u 5/4 ai A J; 

and its dual 

*$ = •u-Tpctj A ctj A l k + -u 3 ei A e 2 A e 3 A e 4 , (3.41) 
constitute a G 2 structure. Therefore and on general grounds we have that 

d$ = t A *$ + 3ri A $ + *r 3 , 

d * $ = 4ti A *$ + r 2 A $ 

being t,- l the four torsion classes. We have calculated them for our case and we have found that 
r 3 — r o — and that the class r 2 can be expressed entirely in terms of the sympletic form J 
for the Kahler-Einstein metric. The class r can be eliminated by a conformal transformation. 
The expression for the Swann metric (2.31) in terms of g 7 is 

^2 1 



5f 8 = u(dr + H) + —r^97- 

-.1/ z 



U 1 



We can therefore paraphrase the results described in this work by stating that the Swann bun- 
dle defines a conformally closed G 2 structure with r 3 = r = by reduction along one isometry 
(which should not be confused with an hyperkahler reduction or quotient). It will be interesting 



to see if it is possible to find a one parameter deformation of the solution presented here and to 
see if the holonomy group obtained is bigger than Sp(2). In our opinion, this question deserve 
some attention. 
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